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1 Abstract

We revisit a classical topic: response functions of viscoelastic layers in large ampli-
tude oscillatory shear. Motivated by questions concerning biological layers, we focus
on extreme values in boundary stress signals in a parallel plate geometry, and their
dependence on material properties, layer thickness, or frequency of imposed strain.
We identify a robust oscillatory structure in boundary stress signals, presented first in
terms of a layer height sweep and then generalized to scaling behavior with respect to
all experimental parameters. The structure consists of peaks and valleys in extreme
values of shear and normal stress signals versus any parameter sweep, indicating re-

dundant mechanisms for stress communication (by tuning to the peaks) and stress
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filtering (by tuning to the valleys). In this paper, we first restrict to a single mode
nonlinear Maxwell model, where analysis renders a transparent explanation and sim-
plified computation of the phenomena. We close with a Giesekus model simulation
of coupled nonlinear partial differential equations, which is the context in which the
phenomena was discovered. The analysis and simulations rely on and extend our

recent studies of shear waves in a micro-parallel-plate rheometer [4, 5].

2 Introduction

The behavior of viscoelastic layers in large amplitude oscillatory shear (LAOS) has
been studied in depth in the rheology literature. The methods of inquiry are varied,
ranging from presumed homogeneous deformations where the problem analytically
reduces to a dynamical system of ordinary differential equations [7, 12, 11], to pre-
sumed one-dimensional heterogeneous deformations where the models are coupled
with systems of partial differential equations [4], to two-dimensional heterogeneity
and the need for demanding numerical solver technology [6].

In LAOS, the rheological focus is typically on departures from linear responses
and good metrics for capturing the onset and degrees of nonlinearity in the system.
We refer to [7] and [9, 10] for a scholarly treatment of the phenomenological signature
of nonlinearity in LAOS. A key diagnostic for divergence from linear behavior is
Lissajous figures of shear stress (7,,) versus shear rate (%) [16]. In the linear regime,
the (¥(t), 7.y (t)) Lissajous figures are characterized by thin ellipses which distort in
various ways in the nonlinear regime [7].

The phenomenon of interest for this paper is motivated by a biological query.
There are countless examples in biology where a viscoelastic layer plays a vital mech-
anistic function. The work of Hosoi and co-workers has explored snail mucus and

locomotion principles [8]. Our focus arises from lung biology, where mucus layers line



pulmonary pathways and serve as the medium between air from the external environ-
ment and the cilia-epithelium complex. The typical transport mechanism explored is
mucociliary clearance, in which pathogens are trapped by mucus while coordinated
cilia propel the mucus layer toward the larynx. However, another mechanical function
explored by Tarran et al. [13] is the role of oscillatory stress in regulating biochemical
release rates of epithelial cells. This discovery raises fundamental questions about
the stress signals arriving at the epithelial cells from a sheared mucus layer. Air-drag
stresses from either tidal breathing or cough are communicated through the mucus
layer to the opposing interface, whereas cilia-induced strain generates stress at the
same interface. Thus, it is natural to explore one driven interface, either by time-
dependent strain or stress, and then to monitor the stress or strain communication
at both interfaces.

In this paper, we impose oscillatory strain and explore interfacial stresses. This
is a natural starting point for the biological application, and also happens to be the
experimental configuration of finite-depth ”Ferry-Stokes” viscoelastic shear waves,
for which we have recently built experimental [5] and modeling [4] tools. Thus,
we have ready software and analytical understanding of the coupled flow and stress
waves in an oscillatory strain-driven viscoelastic layer. The studies presented here
relate first to shear stress signaling, followed by the generation of normal stresses
through nonlinear material properties. We focus on the upper convected nonlinearity
as the common feature of all nonlinear continuum mechanical laws [14, 15]; the results
remain robust in the presence of other nonlinearities, such as the Giesekus model,
where these phenomena were first discovered through numerical studies. Thus we
begin the discussion with a single-mode upper convected Maxwell constitutive law,
for which analysis of the authors [4] can be applied; we reveal the nature of the
oscillatory dependence of stress signals with respect to all parameters.

The remainder of the paper is organized as follows: We first recall the formulation



of the model, and basic mathematical properties of the solutions relevant to oscillatory
strain boundary conditions from [4]. Next, we proceed to explore stress communica-
tion. Because of nonlinearity, the analogous results with imposed oscillatory stress do
not follow from the strain results: a single frequency input strain yields full harmonic
stress response, and vice-versa. In the ”homeostatic response”, where one focuses on
the frequency-locked response to the periodic strain driving condition, we can work
out the precise relationship between oscillatory strain-controlled and stress-controlled
experiments (section 4.6). This is true only for the upper convected Maxwell model,
another argument for special attention to this simplest of all nonlinear differential
constitutive laws.

We organize boundary stress signals in terms of ”transfer functions” which con-
vey specific information about the response of the viscoelastic layer. The transfer
functions for this paper are the extreme maximum normal and shear stress signals ar-
riving at either plate in oscillatory strain experiments, maximized or minimized over
the period of the frequency-locked response of the layer. Shear stresses oscillate with
mean zero, so there is no need to track their minima. First normal stress differences
of the UCM model are non-negative, so convey the bounds on normal stress genera-
tion. These transfer functions are functions of material and experimental parameters
and our focus becomes the behavior with respect to each argument. One can view
this strategy as an analysis of experimental parameter space. The first illustration is
the behavior of the extreme boundary shear and normal stress signals for a series of
experiments where the layer height is varied; we illustrate with three ”model fluids”
ranging from a highly elastic to a viscoelastic to a simple viscous fluid. We show that
the maximum normal and shear wall stresses exhibit strong peaks at discrete depths,
with a significant drop between the peaks, except in the viscous fluid limit. For the
upper convected Maxwell model, the frequency-locked response is explicitly solvable

for a finite depth geometry [4], and thus we have explicit formulas for all wall stress



transfer functions versus all parameters. The dependence on layer height happens to
be the simplest to analyze and identify the nature of the peaks and valleys versus
height. We then extend the results to all other parameters by numerical evaluation
of the explicit formulas. Finally, to show robustness of the behavior, we shift to the
Giesekus model. We generate parameter sweeps of the stress transfer functions, which
now require numerical simulations of the governing system of nonlinear partial differ-
ential equations at each fixed parameter set, a parameter sweep of runs, followed by
post-processing of the transfer functions. The oscillatory structure in these boundary
stress signals is shown to persist; as mentioned earlier, this is indeed the context in
which the phenomena were discovered, and the simplification to the UCM model was

taken to gain an analytical understanding.

3 Mathematical Model

We recall the formulation developed in [4, 5], which is a generalization of the Ferry
shear wave model [1, 2, 3] to finite depth layers and nonlinear constitutive laws. We
summarize the key elements from these references in order to describe the present
focus on boundary stress signals in oscillatory strain experiments. The equations of

motion for an incompressible fluid are!,

p<a—ﬁ+(ﬁ-V)ﬁ):v-T (1)

V-7 =0, 2)

where T is the total stress tensor, ¢ is the fluid velocity, and p is the fluid density.
The total stress tensor is decomposed as T' = —pl + 7 and then the constitutive

properties of the viscoelastic material are prescribed for 7, the ”extra stress tensor.”

!Throughout this paper, arrows will indicate column vectors, while bold symbols indicate tensors



We restrict attention to the simplest nonlinear constitutive law, the Upper Convective
Maxwell (UCM) model, which possesses the convective nonlinearity that is common
to all non-linear constitutive models. In this model, the viscoelastic properties are
coarse-grained into a single elastic relaxation time ()g) and a single zero-shear-rate
viscosity (7o):

Xo T 47 = 2D, (3)

where D is the rate-of-strain tensor, D = 1/2(V#@ + V&' ). The upper convected

derivative, which makes the coupled system of flow and stress nonlinear, is defined as

or
=+ @ V)T -V T — 7. V& (4)
We assume one-dimensional shear flow in the x direction between the parallel
plates and that vorticity is negligible, so that v, = v, = 0. The two parallel plates
remain at heights y = 0 and y = H, with strain controls on the lower plate given
by the displacement amplitude A and oscillation frequency w. This boundary control

can be stated in terms of boundary conditions on the primary velocity v, at y = 0,
v.(0,t) = Vosin(wt); (BC1) (5)

where Vy = Aw, while the top plate is held stationary for the purposes of this paper,
which sets

vo(H,t) = 0. (BC2) (6)

The self-consistent reduction of stress yields 7,, = 7, = 7.. = 0. The full model
(2-4) reduces to the following closed system of partial differential equations for the
remaining unknowns, (v, P, ez, Tay, Tyy), Which are functions of the gap height (y)

and time:



o = oy "
Opy, Oty
2y Ty 8
o~ oy (8)
OTpr 0v,
)\0 8t - 2)\Oa—y7-:cy + Trx 0 (9)
07‘x a'Ux av:c
)\0 aty — )\Qa—y’ryy + Txy = noa—y (10)
or,
Ao—5," + Ty = 0. (11)

We are only concerned with ”homeostatic” responses for this study, in particular the
frequency-locked response of the fluid layer to the boundary control. Thus we suppress
the effects of transients and initial conditions on velocity, pressure and stress. From
(11), 7, decays exponentially to zero, and from (8) any pressure gradient likewise
converges rapidly to zero. In [4], a complete solution of this problem is derived resting
on the observation that v, and 7, decouple into a linear hyperbolic system once 7, is
negligible, and then the remnant of nonlinearity from the upper convective derivative
reduces to the solution of (8) with known functions for the velocity and shear stress.
The 2x2 system (7, 9, satisfying BC1 and BC2) is solved, in the H = oo limit by

Ferry et al. [1, 2, 3], and generalized to any finite H by the authors [4]:

ve(y,t) = Im (voeiwt Sinl;fég };)y))) (12)
Tey = IM (—Von*é ei“tcosgfég};)y))) : (13)

Here we have introduced the complex viscosity, n* = 1’ —in” which, for a single-mode
Maxwell fluid is,

(14)
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The key complex parameter in the response functions for v, and 7, is
0 =a+1if, (16)

the same notation and parameter identified by Ferry in the semi-infinite layer limit,

which is given for the single mode Maxwell model by:

o = \/5—;; (\/ 1 +w2)\8 _(U)\O) (17)
ﬁ:\/g—; <\/1+w2)\8+w)\0). (18)

This solution, though written here for the UCM model, is a special case of the solution

for a general linear viscoelastic fluid [4, 1]. The real parameters a and /3 correspond
physically to the attenuation length and wavelength described by Ferry in the semi-
infinite domain problem. In the finite depth layer, our formulas resolve counter-
propagating waves and thus the physical significance of a and ( is not transparent
in a snapshot; instead we have developed inverse characterization protocols based on
microbead tracking and single particle paths [5].

We proceed now to the focus of this discussion, namely stress boundary signals.
With the exact expressions for v, and 7, the evolution of 7., is now explicitly given

by a quadrature solution of (8), where initially 7., is assumed to be zero:

t
, v,
ralyt) =2 [ ) (19)
0 Y

The convolution integral cannot be carried out explicitly (at least not under the

weight of our pen thus far), but can be numerically evaluated. The transfer functions



of interest are then given for the UCM model by evaluation of these formulas at y = 0
or y = H. Note that since 7, = 0 in the UCM model after transients have passed,
the first normal stress difference Ny = 7, — 7,y and 7,, are used interchangeably until

we get to the Giesekus model simulations.

4 Stress Selection Criteria

The primary focus of most studies of large amplitude oscillatory shear (LAOS) is
on the dynamic (time-dependent) responses in a given experiment. The dynamic re-
sponse functions sometimes presume homogeneous deformations [7] while other stud-
ies explore heterogeneity [6]. Our study admits 1-dimensional heterogeneity, but we
are interested in stress information arriving at layer boundaries. For a given real-
ization of the experiment, we extract the extreme boundary shear and normal stress
signals arriving at either the driven interface or the opposing stationary interface. The
wall shear stress oscillates with mean zero and the maximum and minimum values
have the same magnitude, so only the maximum of shear stress is reported. The nor-
mal stress 7., is non-negative, so both extreme values are reported to convey the range
of normal stress generation. These ”transfer functions” are denoted: max; 7,,(0, ),
max; 7., (H, t), max; 7,,(0,t), min, 7,,(0,¢), max, 7,,(H,t), and min, 7,,(H, ). To be-
gin the discussion we consider max; 7,,(0,t). Later, after we identify salient features
of these transfer functions, we return to the more traditional Lissajous figures of the
time-dependent stress and shear rate, and illustrate their variation with model control

parameters.

4.1 Analysis of Interfacial Stress Signals

Consider the following ”layer” transfer function: the maximum shear stress of the

frequency-locked response, maximized over time, retaining its dependence on gap



height:

m?XTxy(y, t) = max Im (—51/077*6"“ (20)

it~ )
sinh(0H) '

For any fixed gap height, the maximum stress response reduces to analysis of this
function as a function of the material and experimental parameters. At the lower
plate, the shear stress response function is easily derived (by finding the time of
maximum stress over each period 27 /w and then evaluating at that time):

Tay (0, Aos o, w, H) = Vo[d][n*|[ coth (0 H ). (21)

Ty

4.2 Height-dependent oscillatory structure in shear stress

signals

The simplest dependence of 7% (p, \g, n9, w, H), equation (21), is with respect to H,

ay
the layer height, for which the dependence is proportional to | coth(6H)|. Thus, the
H-dependence reduces to a real-valued function of a complex argument, 0 H, where ¢
is the complex quantity defined in equations (16)-(18). For fixed material properties
p, Mo and Ao, and driving frequency w, the dependence on H reduces to the evaluation
of | coth(0 H)| along the ray 6 H in the complex plane. Figure 1 provides a graph of the
complex values of coth(§H) for a range of H in three physically distinct model fluids:
a strongly elastic fluid with 79 = 1000cm g/sec and \g = 10sec, a viscoelastic fluid
with 17p = 100cm g/sec and \g = 1sec, and a viscous fluid with 17y = lem g/sec and
Ao = Osec. The spiral nature of the coth(dH) function simply reflects the exponential
behavior for real ¢ and the oscillatory behavior for imaginary §. Clearly the polar
angle of the complex number 0 (i.e. the ray 6 H) determines whether the stress signals
are dominated by exponential or oscillatory behavior of the coth function. This is

made precise just below.

Figure 2 plots the transfer function 7,7%%(p, Ao, 10, w, H) , which is proportional

10
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Figure 1: Evaluation of coth(6H) as a complex-valued function over a range
[Hins Hiae) for three model fluids: counter-clockwise from the top, a highly elas-
tic fluid with Maxwell parameters 1y = 1000cm g/sec, Ag = 10sec, a viscoelastic fluid
with 79 = 100cm g/sec, Ag = lsec, and a fluid near the viscous limit with 79 = lem
g/sec, A9 = .01lsec. Henceforth, we refer to these parameter choices as Model Fluid
1, 2 and 3. For future reference, we note that a/f = .0080 for Model Fluid 1,
a/f = .0791 for Model Fluid 2 and o/ = .9391 for Model Fluid 3.

11



to the modulus of the complex-valued spiral in Figure 1, for the same three model
fluids. Clearly, there are oscillations versus layer height in the shear stress signal at
the driven plate (in the highly elastic and viscoelastic regimes), with envelopes of
the successive peaks and valleys that derive from the exact formula. The peaks and
valleys of Figure 2 correspond to the apogee and perigee of Figure 1, respectively.

The apparent regularity of the locations of the peaks and valleys in the maximum
plate stress signal versus H is dependent on the fluid parameters and frequency chosen
in Figure 1. Note, as we approach the viscous limit, the peaks and valleys vanish. If
we express | coth(dH)| as follows,

sin?(28H) + sinh®(2aH)
(cos(2BH) — cosh(2aH))?’

| coth(6H)|? = (22)

the dual periodic and exponential dependence is transparent. If the material param-
eters yield o small with respect to 3, for instance a model fluid with 7y ~ 100cmg/s
with a relaxation time of approximately 1s, which renders « smaller than 3 by an
order of magnitude, then the peaks are very regularly spaced. In a viscous fluid, such
as Model Fluid 3 in Figures 1 and 2, a = 3 and the oscillatory structure vanishes.
From (19), we also have a closed-form expression for the first normal stress differ-

max

ence Ny = 7, (since 7, = 0). Fig 3 is a plot of 772%* and 772"

i at y = 0, again for a

range of layer depths. Note that the maxima and minima occur at the same values
of H as the maximum shear stress. This property will be illustrated in more depth

below.

4.2.1 Lissajous Figures

Following the work of [6, 7], Figure 4 presents Lissajous figures which show the dy-
namics of shear stress versus shear rate for a given model experiment. For this sweep,

we present only the Lissajous figures for Model Fluid 2, but recognize that Model

12



Wall Shear Stress Selection Versus Height
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Figure 2: Maximum shear stress at the lower plate versus layer depth (equation 21)
for the three model fluids. The peaks and valleys of the response function correspond
to the apogee and perigee, respectively, of the spirals in Fig 1. For these runs the
driving conditions are A = .1cm and w = 1Hz.
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N1 boundary signals versus channel depth
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Figure 3: Maximum and minimum first normal stress difference N; at the lower plate
versus layer depth (equation 21) for Model Fluid 2 of Figures 1 and 2 (note 7, = 0
after transients have passed).

Fluid 1 will exaggerate the results of Figure 2, while Model Fluid 3 suppresses the
phenomenon entirely. For linear viscoelastic fluids in a semi-infinite domain, the Lis-
sajous figure is a slanted, thin ellipse where the slant angle is determined by the ratio
B/a of the real and complex parts of § [7], and is given as ¢ = tan~' /3. In the
viscous fluid limit, where o = (3, the slant angle of the ellipse is precisely 45 degrees.
Fig. 4, also shows the extreme values of shear stress at these heights for Model Fluid
2 which are 3 of the data points in Figure 3.

Next, in Figure 5 we give the analogous Lissajous figures of the normal stress 7.,
versus shear rate, for the same simulations of Figure 4. The key features are: the
normal stress has half the period of the shear stress and shear rate, and the extreme
values are clearly non-monotone versus layer height H. Lastly, in Figure 6, we present
Lissajous figures of the first normal stress difference N; versus the shear stress 7,,. We
find non-monotone behavior consistent with previous Figures, but further, oscillations
in the relative extreme values of N; and 7,,. Thus, changing the height of the layer

also controls the relative magnitude of the stress components. It is also clear that the
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Txy versus shear rate at 3 channel depths
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Figure 4: Lissajous figures of shear and normal stress vs. shear rate of Model Fluid 2
for three distinct layer heights, H=5,7.5,10cm, with a driving frequency of 1Hz and
lower plate displacement of .1cm. a) Shear stress versus shear rate. b) Normal stress
versus shear rate.
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Figure 5: Time-dependent normal stress versus shear stress loops for Model Fluid 2
for the same data as Figure 4.

maxima and minima of the shear and normal stresses occur at the same times.

4.3 Frequency Sweeps

Next, we turn to the frequency-dependence of the shear and normal stress transfer
functions. Their dependence on w is more complicated than H, yet their behavior
again is simply a matter of evaluating the explicit formulas (19,21). Figure 6 shows
the result for Model Fluid 2 over the frequency range 0 < w < 2 for H = 10cm. For
the previous H sweep in Figure 2, we fixed w = 1, and H = 10 was near a peak
in the shear stress transfer function. From Figure 6, it is clear that by increasing
or decreasing w from 1, the extreme interfacial stress functions for normal and shear
stress walk off of the peak value, but that additional peaks occur near .5 cm and
1.5 ecm. There is no need to restrict to studying the transfer of interfacial stress
as a function of a single variable. Figure 7 gives the transfer function for extreme
interfacial shear stress over several parameters, such as w and H, with a range of

frequency and layer height given by w € [0,2] and H € (0,10] for Model Fluid 2.
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Maximum boundary stress versus frequency
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Figure 6: A frequency sweep of extreme wall shear and normal stresses for Model
Fluid 2 over the frequency range [0, 2].
From graphs such as Figure 7, one can find local maxima and minima of the transfer

functions over ranges of the driving and fluid parameters.

4.4 Scaling behavior for wall extreme values of shear and

normal stress

Before proceeding to the dependence on the UCM material parameters 19, Ag and p,
we pause to examine the scaling behavior of the oscillatory structure versus H and
w. Namely, the reqularity of the peaks and valleys versus H and w is quite striking.
From the analysis versus H, it is clear that the behavior is not periodic, except in
the elastic limit of @ << (. The elastic solid limit is reached by letting 1y and Ag
become large while maintaining a constant ratio. The attenuation and wave length

parameters (o and [3) become:

lim =0 (23)
ng—o0
)\OHOO
no/Ao=c
Jim B = wv/pro/mo, (24)
oo
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Figure 7: A parameter sweep of extreme wall shear stress for Model Fluid 2 over the
range of parameters w € [0,2] Hz and H € (0, 10] cm.

and the extreme shear stress transfer function, equation (21), becomes,
Toy = VoOn"| cot BH|. (25)

Thus, the extreme shear stress transfer function, in the elastic limit, exhibits asymp-

totes aft,

T
B=phk ke{012..} (26)

If we now identify the elastic wave speed,

"o
=,/— 27
then /3 is given by ,
w
= — 28
p=2 (28)

18



and thus the resonance condition can be restated in the elastic limit as:

Co
20H

k=1 ke{0,1,2,.}, (29)

where w = 27w. In terms of the frequency sweep, the fundamental frequency, denoted

Wiund, becomes

Dhead = co/2H, (30)

which is equivalent to a period of plate oscillation that matches the round trip travel
time of the elastic shear wave. Additional resonance frequencies are integer multiples
of this fundamental frequency. Expressing equation (29) with respect to any of the
fluid or control parameters gives a resonance condition for that value. For example,

HIMnd — o /2. (31)

peak

To extend these results from the elastic solid limit to any viscoelastic fluid, consider
the non dimensional parameter /3. Since o < [, then for any viscoelastic fluid
a/B € (0,1). As we have seen in equations (23, 24), the elastic solid limit corresponds
to a/f = 0, and further in the viscous limit A\g — 0 it is clear that o/ = 1. With
respect to this parameter «/3, a measure of where a fluid is in the elastic solid to
viscous limit, one could gauge the efficacy of using the elastic solid resonance condition
as an estimate for the peaks and valleys of the transfer functions. Table 1 explores the
usage of (31) as an estimate for the peaks and valleys of the extreme shear stress for
a wide range of a/[3, and confirms that as a/3 — 1, the usage of (31) as a prediction

of the first fundamental peak of the transfer function becomes dramatically worse.
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alpB Hyna Approx | Hyyng Exact | Percent Error
.000796 5 49999 < .00001
007957 5 4999 < .00001
.015913 5 4998 .0400
026515 5 4995 .1001
.039726 5 4989 2205
079075 5 4955 9082
172598 bt 4.819 3.756
237477 bt 4.659 7.319
552726 5 3.820 30.89

Figure 8 gives another interpretation of the data in Table 1, by graphing the per-

centage error as a function of a/( in the loglog scale. The data points are fit here

by a power law, which becomes a line in the loglog scale, and exhibits the nature of

the walk off from pure resonance behavior as a fluid deviates from the elastic limit.

In summation, for any fluid with known zero shear viscosity 7y and relaxation time

Ao, one can get an approximation of the fundamental layer height that will maximize

stress transfer. The accuracy of this approximation can be gleaned by from Table 1.

Further, by solving equation (29) for any of the variables, the following approximate

scaling conditions (exact in the elastic limit) are identified:

oF o~ keo/2H

pea

Hkoak R k’C()/(Qw)

p

)\k

~

k
ppoak ~

Nk21@

peak ™

4H?? p

2 1 o
4H25% \

20

(32)

(33)

(34)

(35)
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Figure 8: Percent error calculations for using equation (27) to predict peaks of the
extreme shear stress for different viscoelastic fluids with given ratios /3. The scale
is loglog and thus the trend-line shown is a simple power law fit to the data.

ro L AHPG M

npeak ~ 2 (36)

4.5 Transfer Function Dependence on 7y, \g and p

We now illustrate the inferences gained in the previous section. Namely, there is
an underlying oscillatory structure in the extreme values of boundary stresses with
respect to all parameters in the model. Figures 9-12 show this behavior for the baseline
properties of Model Fluid 2 with respect to variations in the elastic relaxation time
Ao, the zero strain rate viscosity 79 and the fluid density p. Note the stress peaks
are quite well approximated by the elastic limit scaling behavior presented above,

formulas (34-36).

21



Maximum Boundary Stress Versus )\0
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Figure 9: Relaxation time sweep of extreme boundary shear and normal stresses with
respect to \g variations of Model Fluid 2. We fix 79 and p of Model Fluid 2 with
boundary values w = 1 Hz, A = .1 cm and H = 10 cm then perform a relaxation
time sweep. The elastic limit scaling prediction of the kth peak is )\’;eak = .25k%.
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Figure 10: Density sweep of extreme boundary shear and normal stresses with respect
to p variations of Model Fluid 2. We fix ny and Ay of Model Fluid 2 with boundary
values w = 1Hz, A = .1 cm and H = 10 cm then perform a density sweep. The elastic
limit scaling prediction of the kth peak is p';eak = .25k2.
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Maximum Boundary Stress Versus N,
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Figure 11: Zero shear-rate viscosity sweep of extreme boundary shear and normal
stresses with respect to 7y variations of Model Fluid 2. We fix p and )y of Model
Fluid 2 with boundary values w =1 Hz, A = .1 cm and H = 10 cm then perform a
zero shear-rate viscosity sweep. The elastic limit scaling prediction of the kth peak
is nf = 400k~2
18 npeak - .

5 Transfer Function Structure for a Giesekus Fluid

Here we refer to [4] for a numerical solution to the analogous problem where the
constitutive equation is given by a single mode Giesekus model. The boundary stress
behavior of this paper was, in fact, discovered in this context. Figure 12 repeats the
H sweep of Figure 2 for Model Fluid 2 parameters together with a mobility parameter
value of .01. Figure 13 shows the result of a frequency sweep, while Figure 14 revisits
the Lissajous figures of section 4.2.1 and obtains the analogous results for this model.
The striking feature of Figure 14 is that nonlinearity is evident at H = 5 and H = 10,
but at H = 7.5 the fluid exhibits the classic linear behavior (with the elliptical orbit
seen in Figure 4).

The pertinent features of Figure 11 are that we see a similar height selection mech-
anism for the transfer of shear stress, and that the figure shows additional nonlinear
structure. Note that the locations of the maxima and minima are notably different.
Figure (6) contains Lissajous figures for various heights. From the Lissajous figures,

it is clear that shear thinning is occurring in the Giesekus fluid at these strains.
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Shear Stress Transfer Versus Height
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Figure 12: Maximum shear stress at the lower interface versus channel depth for
Model Fluid 2 with a Giesekus mobility parameter of .01. The driving conditions
here are w =1 Hz and A = .1 cm.

Extreme boundary shear stress vs frequency
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Figure 13: Maximum shear stress at the lower interface versus frequency for Model
Fluid 2 with a Giesekus mobility parameter of .01. The driving conditions here are
w=1Hzand A= .1 cm.
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Lissajous Figure of Shear Stress at Several Heights
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Figure 14: Shear stress versus shear rate loop for a Giesekus fluid at several heights.
6 Stress-controlled versus strain-controlled oscil-

latory shear

The phenomenon in question has been explored in previous sections for strain-controlled
boundary conditions. Alternative boundary conditions, each modeling a different ex-
perimental protocol, consist of imposing a periodic stress or strain at either interface.
For example, one can impose a periodic shear stress boundary condition at the bottom

interface, retaining a stationary top boundary:
Tuy(0,1) = Tosin(wt), vy(H,t) =0. (37)

It is straightforward to show that this boundary value problem is equivalent to the

strain-controlled problem and solution presented above,

B i Sinho(H —v)
Ux(yu t) - [m <VE]6 SiIlh 5H ) (38)
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where V[ is now complex valued and given by,

70
Vo= ——=tanhdH. 39
o= (39)
To relate the complex number V[, above to its more natural physical interpretation as
the maximum imposed velocity of the lower plate, simply take the complex modulus

|Vo|. In this context, v, is,

(40)

ve(y,t) = Im <|Vb|6i(wt+x)w> ’

sinh 0 H

where y = arg(Vp), demonstrating a clear equivalence of the two stress and strain
controlled boundary value problems.

Perhaps more physically interesting (especially for applications to lung biology),
is a stress free boundary condition at the upper interface together with an oscillatory

strain at the lower interface:
v,(0,t) = Vosin(wt), 7y(H,t) =0. (41)

The solution is a sum of two solutions of (7-11),

B it sinhd(H —y) , sinhd(y)
vy, t) = Im [e <Vb sinh 0 H Ve sinhoH )|’ (42)
where the stress free condition at the upper interface determines Vy,
Vi = Vp sech(0H). (43)

Using a similar approach, one can determine solutions for all four sets of well-posed

boundary conditions. Clearly the phenomenon persists.
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7 Conclusion

The response of a viscoelastic layer in oscillatory shear has been explored with a focus
on the extreme values of boundary stress signals. The phenomenon we have identified
is an oscillatory structure in boundary stress signals with respect to all parameters
(layer thickness, frequency of imposed shear, or material properties). This structure
indicates a redundant mechanism with which to either communicate stress signals, by
tuning to the peaks of the structure, or to filter stress by tuning to the valleys. Using
the upper convected Maxwell model, we provide a rigorous explanation of the phe-
nomenon, and then illustrate its persistence with a Giesekus model simulation where
the results were first discovered. The relevance of these results to the biological set-
ting of ciliary transport of mucus layers remains for future studies. The implication
we have in mind is the ability of epithelial cells or cilia to mechanically sense per-
turbations in normal homeostatic conditions, through the variability in stress signals
shown here. These perturbations may arise from mucus layer thickness variations
or changes in material properties due to hydration or perhaps due to a significant

deposition of pathogens at the air-mucus interface.
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